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I discuss the advantages and disadvantages of several procedures, some known and some new,
for constructing stationary states for a system with pairing correlations and an odd number of
fermions, using the two chemical potentials framework. One procedure in particular appears to
have significant advantages over previously suggested in the literature computational frameworks.
Moreover, this framework is applicable to study strongly polarized superfluid nuclei with arbitrarily
large polarizations, even or odd, in the presence of very strong external fields.
I. INTRODUCTION
In a time-dependent framework, a major difficulty in
studying the dynamics of a superfluid nucleus with an
odd number of either protons or/and neutrons is the con-
structing the initial stationary state. Using the block-
ing approximation for the initial state could be problem-
atic in the case of time-dependent phenomena. Within
the blocking approximation the odd fermion is often de-
scribed by a single-particle wave function and not by a
Bogoliubov quasiparticle wave function, and thus the or-
thogonality between the two types of fermion wave func-
tion cannot be enforced during the time evolution, except
within the BCS approximation. Experiments show that
the fission of odd or odd-odd nuclei is hindered signifi-
cantly when compared with the fission of the neighboring
even-even nuclei. The unpaired fermion(s) can be found
in a state with a relatively high total angular momen-
tum projection on the reaction axis and in that case the
presence of an odd fermion can have a strong hindering
effect [1–3].
One theoretically method used to describe (static)
pairing correlations in a system with an odd number of
fermions requires the use of two different chemical poten-
tials for the approximately time-reversed single-particle
states. The presence of an odd fermion can lead to a rel-
atively weak time-reversal mean field symmetry break-
ing and to different mean fields for the partners of the
Cooper pair, induced by the polarization effects due to
the odd fermion. The two chemical potential approach
has been used in Refs. [4–11]. See also the online ap-
pendix to Ref. [4] and the actual code used in those cal-
culations [12]. The two chemical potential approach dis-
cussed by Bertsch et al. [8] can be implemented only when
the quasiparticle states of the closest even (or even-even)
system are doubly degenerate. The general approach to
describe odd fermion systems used in nuclear physics [13–
16], including the two chemical potential framework dis-
cussed by Bertsch et al. [8], has the major disadvantage
that one needs to know a priori the quantum numbers of
the odd fermion. Robledo and Bertsch [17] however have
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shown that a gradient technique approach [15] is appar-
ently free of this difficulty. Sometimes the implementa-
tion of the general approach is construed as gain, as one
can determine at once an slew of low lying excited states
of the odd or of the odd-odd nucleus, even though the
computational price is high. While adding a single extra
fermion to an even fermion system can appear as a small
perturbation O(1/A), since the low energy spectrum
of odd and odd-odd nuclei is relatively dense, a small
perturbation can in principle lead to significant change
of the nuclear mean field. The question I raise here is:
“Can one devise a more transparent and computationally
faster framework to describe pairing correlations in odd
and odd-odd nuclei?” Since unpolarized fermion systems,
or even-even nuclei treat the “spin-up” and “spin-down”
fermions identically, naturally there is the need for only
one chemical potential. It seems then that since in po-
larized or odd fermion systems, or in odd and odd-odd
nuclei, “spin-ups” and “spin-down” are clearly experience
different mean fields, the introduction of two chemical
potentials does not need a justification and it seems like
the most natural approach.
In Section II I review the Bogoliubov transformation
and the definition of various densities for even and odd
fermion numbers. In Section III I review a previously
suggested framework for odd fermion systems with axial
and parity symmetry [8], I introduce a couple of gen-
eralizations applicable when and octupole deformation
is present, and I discuss their advantages and disadvan-
tages. In Section IV I review the framework designed for
the cold atom systems, which has some peculiarities when
spin-orbit is absent. In Section V I introduce the optimal
two chemical potential framework, which appears to be
free of any of the disadvantages of those previously sug-
gested in the literature frameworks for nuclear systems.
In the last Section VI I discuss several aspects concerning
the optimal numerical implementation of this framework.
II. FORMULATION OF BOGOLIUBOV
TRANSFORMATIONS FOR EVEN AND ODD
FERMION NUMBERS
First I review the case of a system with an even num-
ber of fermions, such as even-even nuclei. The creation
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2and annihilation quasiparticle operators are represented
as [15]
α†k =
∫
dξ
[
uk(ξ)ψ
†(ξ) + vk(ξ)ψ(ξ)
]
, (1)
αk =
∫
dξ
[
v∗k(ξ)ψ
†(ξ) + u∗k(ξ)ψ(ξ)
]
, (2)
and the reverse relations are
ψ†(ξ) =
∑
k
[
u∗k(ξ)α
†
k + vk(ξ)αk
]
, (3)
ψ(ξ) =
∑
k
[
v∗k(ξ)α
†
k + uk(ξ)αk
]
, (4)
where ψ†(ξ) and ψ(ξ) are the field operators for the
creation and annihilation of a particle with coordinate
ξ = (r, σ). The normal number (Hermitian n = n† ) and
anomalous (skew symmetric κ = −κT ) densities are
n(ξ, ξ′) = 〈Φ|ψ†(ξ′)ψ(ξ)|Φ〉
=
∑
k
v∗k(ξ)vk(ξ
′) =
∑
l=n,n¯
v2l φ
∗
l (ξ)φl(ξ
′), (5)
κ(ξ, ξ′) = 〈Φ|ψ(ξ′)ψ(ξ)|Φ〉
=
∑
k
v∗k(ξ)uk(ξ
′) =
∑
l=n,n¯
ulvlφ
∗
l (ξ)φ
∗¯
l (ξ
′), (6)∫
dξφ∗k(ξ)φl(ξ) = δkl, (7)
with u2l +v
2
l = 1, 0 ≤ ul = ul¯ ≤ 1, 0 ≤ vl = −vl¯ ≤ 1, and
n and n¯ label the time-reversed states φl(ξ), φl¯(ξ) in the
canonical representation [15, 18], and where
αk|Φ〉 = 0, 〈Φ|α†k = 0, 〈Φ|αkα†l |Φ〉 = δkl. (8)
There is in general no rule on how to separate the quasi-
particle operators α†k, αk into creation and annihilation
ones, and one can rename interchange any number of
them, and declare the a number of creation operators
annihilation operators and vice versa. This is unlike the
field operators ψ†(ξ), ψ(ξ), which are defined with respect
to the true vacuum, ψ(ξ)|0〉 ≡ 0. Only by requiring that
the quasiparticle vacuum |Φ〉 corresponds to the lowest,
or often to a local minimum, of the total energy of an
average even number of fermions, one can clearly dis-
tinguish between creation and annihilation quasiparticle
operators.
In the case of an odd number of fermions the ground
state is defined as α†µ|Φ〉, where µ is an appropriately
chosen a priori quasiparticle state, and thus
αlα
†
µ|Φ〉 = δlµ, 〈Φ|αµα†k = δkµ. (9)
Since by definition |Φ〉 corresponds to an average even
number of fermions N , the state α†k|Φ〉 should describe
an odd number of fermionsN±1, and their corresponding
particle parity is given by (−1)N = +1 or (−1)N±1 = −1
respectively. Note however, than the state α†k|Φ〉 defined
by Eq. (10) does not automatically has an integer aver-
age odd number of fermions, as the chemical potential,
and therefore the quasiparticle wavefunctions should be
correspondingly adjusted. Since
|Φ〉 ∝
∏
k
αk|0〉, (10)
(assuming that αk|0〉 6= 0 for any k, otherwise see Ring
and Schuck [15]) 1 the ground state of an odd fermion
system is therefore defined as
α†µ|Φ〉 ∝
∏
k 6=µ
αk|0〉, (11)
where |0〉 is the particle vacuum, and thus ψ(ξ)|0〉 ≡ 0.
The normal number and anomalous densities are in this
case
nµ(ξ, ξ
′) = 〈Φ|αµψ†(ξ′)ψ(ξ)α†µ|Φ〉
=
∑
k 6=µ
v∗k(ξ)vk(ξ
′) + uµ(ξ)u∗µ(ξ
′), (12)
κµ(ξ, ξ
′) = 〈Φ|αµψ(ξ′)ψ(ξ)α†µ|Φ〉
=
∑
k 6=µ
v∗k(ξ)uk(ξ
′) + uµ(ξ)v∗µ(ξ
′). (13)
Thus the major difference from Eqs. (5-6) is the absence
of the contribution of the chosen quasiparticle state µ in
the sum, which is replaced by the “flipped” quasiparticle
wavefunction (uµ(x), vµ(x)) → (v∗µ(x), u∗µ(x)). This
quasiparticle state µ is chosen so as to minimize the
total energy of the system with a fixed odd fermion
number. In the case of an odd-odd nucleus one has to
naturally chose two such quasiparticle states, one for
the neutron and the other for the proton subsystems
respectively.
III. SELF-CONSISTENT EQUATIONS FOR
SYSTEMS WITH AN ODD NUMBER OF
FERMIONS
Here I describe the two chemical potential framework
for a polarized (odd) fermion system. I introduce a new
quantum number η, the sign of the expectation value of
the single-particle angular momentum operator along the
axial symmetry axis Oz and the corresponding operator
Sz = sign(jˆz) = sign
(
lˆz +
~
2
σz
)
. (14)
1 In the case of a finite dimensional Hilbert space it could be prob-
lematic to establish if mathematically αk|Φ〉 6= 0, since when∫
dξ|vk(ξ)|2 is smaller then the machine precision the corre-
sponding annihilation operators do not anti-commute anymore
and the ordering of the terms in product Eq. (10) can lead to
results differing by more than just by a phase.
3If Oz is the axial symmetry axis then the quasiparticle
wavefunctions are eigenfunctions of Sz with eigenvalues
η = sign(m) = ±1. (15)
The self consistent equations are:
Hη↑↑ Hη↑↓ 0 ∆
Hη↓↑ Hη↓↓ −∆ 0
0 −∆∗ −H∗η↑↑ −H∗η↑↓
∆∗ 0 −H∗η↓↑ −H∗η↓↓

ukm,↑ukm,↓vkm,↑
vkm,↓

= Hkm
ukm,↑ukm,↓vkm,↑
vkm,↓
 = Ekm
ukm,↑ukm,↓vkm,↑
vkm,↓
 , (16)
Hησ,σ = Hσσ − µ− µηSz −Q, with σ =↑, ↓, (17)
and where I suppressed the arguments (r, σ) for spatial
and spin coordinates (isospin is not explicitly displayed).
Q =
∑
l λlQl0 stands for all other necessary constraints,
including the corresponding Lagrange multipliers, and k
stands for the rest of quantum numbers characterizing
the quasiparticle states, apart from m. I have also used a
short hand notation for the components of the quasiparti-
cle wavefunctions ukm,σ = ukm(r, σ), vkm,σ = skm(r, σ),
where σ =↑, ↓. In this case there are two chemical po-
tentials µ+ ηµη = µ± µη.
The normal partial and total number (and other rele-
vant) densities and also anomalous densities are
nη(r, σ, σ
′) =
∑
Ekm>0
v∗km(r, σ
′)vkm(r, σ)δη,sign(m), (18)
n(r, σ, σ′) = n+(r, σ, σ′) + n−(r, σ, σ′), (19)
ν(r) =
∑
Ekm>0
v∗km(r, ↓)ukm(r, ↑). (20)
The Hamiltonian H(r, σ) and the pairing potential
∆(r, σ) are functional derivatives of the energy density
functional E(n, ν, τ, . . .)
H(r, σ, σ′) =
δE(n, ν, τ, . . .)
δn(r, σ, σ′)
, (21)
∆(r) =
δE(n, ν, τ, . . .)
δν(r, ↑, ↓) , (22)
The energy density functional of nuclear systems typ-
ically depends on the sum n(r, σ, σ′) = n+(r, σ, σ′) +
n−(r, σ, σ′) alone, while in the case of cold atoms the
energy density functional depends on both n±(r, σ, σ′)
separately, as fermions of various flavors can reside in
different external potentials. The two chemical poten-
tials µ ± µη are determined from the condition that the
total and partial particle numbers are
N = N+ +N−, |N+ −N−| = 1, (23)
N± =
∫
d3r
∑
σ=↑,↓
n±(r, σ, σ). (24)
Notice that the equations for the quasiparticle states
with m > 0 (η = +1) and m < 0 (η = −1) respectively
have two different chemical potentials µ±1 = µ±µη, and
in both cases the eigenvalues Ekm come also in pairs
(Ekm,−Ekm), see also Section IV.
The operator Sz can be used in the case of axial
symmetry for a nucleus with octupole deformation, un-
like the hermitian signature operator i exp(−ipijˆx) with
eigenvalues ±1 suggested in Ref. [8].2 One can relatively
easily use instead of the operator i exp(−ipijˆx) the so
called simplex operator i exp(−ipijˆx)P [14], where P is
the spatial parity operator, of both quadrupole and oc-
tupole deformations are present. One can alternatively
use the simplex Hermitian operator i exp(−ipijˆx)P ,
where P is the parity operator [14]. I find the use of
the operator Sz however much simpler to implement
numerically, particularly if one uses a coordinate repre-
sentation of the quasiparticle wave functions on spatial
3D lattice, see Section VI. If one uses the operator
Sz, then quasiparticle states with η = sign(m) = ±1
are assigned to particle numbers N± and densities
n±(r, σ, σ′) respectively.
Another option would be to use the operator
i exp(−ipijˆz) = i exp(−impi) = ±1. In this case quasi-
particle states with m = +1/2,−3/2,+5/2, . . . are
assigned to particle number N+ and n+(r, σ, σ′), and
states with m = −1/2,+3/2,−5/2, . . . are assigned
to particle number N− and n−(r, σ, σ′), respectively.
Time-reversed partners are in both cases assigned to
different groups, but using different criteria. Since
nuclear energy density functionals typically depend on
n(r, σ, σ′) = n+(r, σ, σ′) + n−(r, σ, σ′) this ambiguity is
likely immaterial, unless the nucleus is in the presence
of a strong external field, e.g. in magnetars.
This ambiguity in assigning the quasiparticle states to
either one or another partial number density in the case
of an odd fermion number is general. One can use any
rule to separate quasiparticle states in two groups, and
there is no general prescription on how to assign them to
specific particle number or number densities. The best
solution should always correspond to the lowest total en-
ergy, which might not always favor the strongest pairing
correlations. The many-fermion self-consistent equations
never have a unique solution, even for even or even-even
systems, though only one of them is the lowest total en-
ergy. Multiple vacua however, can also correspond to
physically realizable states, separated by strong potential
barrier, a situation which is quite ubiquitous in quantum
field theories or infinite many-body systems, where sym-
metry is spontaneously broken. The ambiguities I discuss
2 The operator Rx = exp(−ipijˆx) = −R†x is anti-Hermitian, since
R†xRx = 1 and R2x = −1 for a fermions state.
4here for odd fermion systems in this sense should not
come as a surprise, but merely as new examples of such
physically realizable “ground states.” However, since in
the case of odd fermion systems the density of low en-
ergy levels is relatively high, any such prescription is to
some extent arbitrary, and the true ground state might
emerge as an optimal superposition of many such quasi-
particle vacua, with well defined quantum numbers. One
of the simplest examples is that of a system with spon-
taneous parity breaking, when the ground and the first
excited states are separated by an exponentially small
energy difference, a phenomenon known in the literature
as parity doubling [19, 20]. Another possibility is that of
shape coexistence, see e.g. Refs. [21, 22] and references
therein, of which there are many examples of other types
too.
There is still another ambiguity. If both quadrupole
and octupole deformations are present in a nucleus with
axial symmetry, it is not clear whether the ground state
of the nucleus corresponds to either N+ − N− = ±1,
and thus whether the projection of the total angular
momentum Jˆz(n) =
∑A
n=1 jˆz(n) is along or opposite to
the fission direction. Such a situation can be experi-
mentally studied in fission induced by a nucleon transfer
from an impinging projectile to a nucleon state with
relatively large angular momentum [23]. The projectile
will impact an angular momenta perpendicular to the
reaction plane equal to either ±m ≈ ±RkF , where R is
the radius of the target and kF is its Fermi momentum.
The emergence of the fission fragments emitted along
the axis perpendicular to the reaction plane, might
favor the emission of the either the light or of the heavy
fission fragment in the direction of the impacted angular
momentum. It would very interesting to see if any
asymmetry of the fission fragments distribution along
the direction perpendicular to the reaction plane exists,
as such a phenomenon has not been studied yet to my
knowledge.
IV. THE CASE OF FERMIONIC POLARIZED
COLD ATOM SYSTEMS
In the case of cold atoms one has two flavors of
fermions, which I shall denote with a and b, and the
Cooper pair is formed between one fermion a with an-
other fermion b. Entangled states, when for example
a type a fermion can coexist with a type b fermion, in
a type of the Schrödinger cat single-particle state, have
not been studied yet, neither experimentally nor theoret-
ically to my knowledge. Only the formation of Copper
pairs between a type a fermion and a type b fermion have
been considered so far in the literature. Such a mixing is
formally similar to the spin-orbit coupling of the nucleon
motion in nuclei, and it will be illustrated qualitatively
in Fig. 1. In the absence of such mixing the mean field
equations read [4–7, 12]:
Ha − µa 0 0 ∆0 Hb − µb −∆ 00 −∆∗ −H∗a + µa 0
∆∗ 0 0 −H∗b + µb


u
(a)
k
u
(b)
k
v
(a)
k
v
(b)
k

= H

u
(a)
k
u
(b)
k
v
(a)
k
v
(b)
k
 = Ek

u
(a)
k
u
(b)
k
v
(a)
k
v
(b)
k
 . (25)
where the two chemical potentials µa,b are chosen by fix-
ing the particle numbers
Na,b =
∑
Ek>0
∫
d3r|v(a,b)k (r)|2. (26)
0 5 10
k
-10
-5
0
5
10
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) ( k
)
FIG. 1. The quasiparticle spectrum E(a)k,± (31) with blue and
E
(b)
k,± (32) with red lines respectively. The densities are con-
structed from quasiparticle states with E(a,b)k,± > 0 only. For
a finite polarization the quasiparticle states corresponding to
the red line with E(b)k,+ > 0. At the same time the fermions of
kind a occupy quasiparticle states corresponding to the blue
lines with E(a)k,± > 0. The effect of a non-vanishing mixing
between the two flavors or of a spin-orbit coupling (charac-
teristic to nuclear systems) on the quasiparticle spectrum is
illustrated with dashed lines. In the case of cold atoms this
type of mixing is equivalent to the creation of a Schrödinger
cat fermion state between type a and type b flavors.
These equations obviously decouple and since in case of
cold atoms one typically has Ha,b = H∗a,b, the equations
simplify. By introducing
H± =
Ha ±Hb
2
(27)
5these equations can be re-written as(
H+ − µ ∆
∆∗ −H+ + µ
)(
u
(a)
k
v
(b)
k
)
(28)
=
(
E
(a)
k − (H− − µη) 0
0 E
(a)
k − (H− − µη)
)(
u
(a)
k
v
(b)
k−
)
,
(
H+ − µ −∆
−∆∗ −H+ + µ
)(
u
(b)
k
v
(a)
k
)
(29)
=
(
E
(b)
k + (H− − µη) 0
0 E
(b)
k + (H− − µη)
)(
u
(b)
k
v
(a)
k
)
,
and now one can disentangle the different roles operators
H+−µ and H−−µη play on acting on quasiparticle wave
functions. The chemical potentials µ and µη are defined
in a similar manner
µ =
µa + µb
2
, µη =
µa − µb
2
. (30)
The self-consistent equations in the nuclear case can be
brought to a similar form. Assuming that Ha,b = εa,b
and ∆ are diagonal one can show that
E
(a)
k,± = +e− ±
√
2k + |∆|2, (31)
E
(b)
k,± = −e− ±
√
2k + |∆|2, (32)
e− =
εa − εb
2
− µη, k = εa + εb
2
− µ. (33)
Clearly all eigenvalues come in pairs E(a)k,± = −E(b)k,∓.
For each eigenvector (u(a)k , v
(b)
k ) and corresponding eigen-
value E(a)k,± of Eq. (28) the Eq. (29) has a corresponding
eigenvector (u(b)k , v
(b)
k ) = (v
(a)
k , u
(b)
k )
∗ and a corresponding
eigenvalue E(b)k,∓ = −E(a)k,±.
As branches of the quasiparticle spectrum are dis-
placed in opposite directions, when part of the lower
branch E(a)k,− becomes positive (with blue in Fig.1) and
the upper branch E(b)k,+ becomes negative (with red in
Fig.1), the roles of the components of the Bogoliubov
quasiparticles change exactly as discussed in Section II,
see Eqs. (12, 13). If Na − Nb quasiparticle energies
E
(a)
k,− change their signs, then the new quasiparticle vac-
uum corresponds to
∏Na−Nb
l=1 α
†
µl
|Φ〉 and a particle parity
(−1)Na−Nb , where |Φ〉 is a total fermion function for an
unpolarized system, and µl are the corresponding quan-
tum numbers of the positive E(a)k,− quasiparticle states.
When the branches of E(a)k,− and E
(b)
k,+ cross zero, some
of the quasiparticles energies could vanish identically, as
in the case of bound states on a superfluid vortex line
first discussed by Caroli et al. [24] and have a character
similar to Majorana particles. In such a case the fermion
system is technically a topological one, characterized by
a Chern number associated with the Berry connection
and curvature [25].
V. MY FAVORITE TWO CHEMICAL
POTENTIALS FRAMEWORK FOR A
POLARIZED SUPERFLUID FERMI SYSTEM
Likely the best option is to formulate the two chemical
potentials framework for nuclei along the same lines as
for the scheme suggested for cold atoms, see Refs. [4–7]
and Section IV. The main difference between nuclei and
cold atom systems is in the presence of the spin-orbit
interaction in nuclei and the need to introduce the to-
tal single-particle angular momentum jˆ = lˆ + sˆ, where
sˆ = ~σˆ/2 is the nucleon spin, and the spin-orbit interac-
tion, which mixes the “spin-ups” and “spin-down” tates,
as discussed in the previous Section IV.
An aspect that is hardly ever discussed in the litera-
ture is the choice of the three axes for the spin and their
relation with the actual spatial directions. It is easy to
verify that the Schrödinger equation for a spin particle
is invariant with respect to an arbitrary rotation in the
spin space, even in the presence of a spin-orbit interac-
tion, namely
σˆ → exp
(
i
ψ
2
σ · nˆ
)
σˆ exp
(
−iψ
2
σ · nˆ
)
, (34)
where nˆ = (sin θ cosφ, sin θ sinφ, cos θ) is an arbitrary
3D unit vector and σ are the Pauli matrices. Basically
what this means, that the particular choice of σz as a
diagonal traceless Hermitian matrix is not unique, and
any traceless 2 × 2 Hermitian matrix with eigenvalues
±1 is an equally acceptable choice for example. The
same applies for the other two Pauli matrices σx,y, with
the only requirement that [σk, σl] = 2iεklmσm, where
k, l,m = x, y, z and εklm is the Levi-Civita symbol.
Since [lˆ, sˆ] = 0 the rotation operator can be factorized
exp
(
−iψjˆ · nˆ
)
= exp(−iψlˆ) exp (−iψsˆ · nˆ) . (35)
When exp
(
−i2pijˆ · nˆ
)
is acting on spinor and if the
spinor-1/2 wave function changes sign. If one considers
now separately the action of exp(−i2pilˆ) on any compo-
nent of the spinor that component does not change sign.
However, when acting with exp (−i2pisˆ · nˆ) alone on the
entire spinor wave function, the spatial part of the wave
function is obviously unaffected, but the whole spinor
wave function changes sign. That allows us to define the
operator
PN =
N∏
k=1
exp [−i2pisˆ(k) · nˆ] , (36)
where the product runs over all particles. This operator
is nothing else but the particle parity operator PN |Φ〉 =
(−1)N |Φ〉 for a fermion system. Since the spin direction
can be chosen arbitrarily, one can use nˆ = (0, 0, 1). Since
a polarized Fermi system is spin polarized Eqs. (16, 17)
6should be rewritten as follows:
Hη↑↑ Hη↑↓ 0 ∆
Hη↓↑ Hη↓↓ −∆ 0
0 −∆∗ −H∗η↑↑ −H∗η↑↓
∆∗ 0 −H∗η↓↑ −H∗η↓↓

uk,↑uk,↓vk,↑
vk,↓

= H
uk,↑uk,↓vk,↑
vk,↓
 = Ek
uk,↑uk,↓vk,↑
vk,↓
 , (37)
Hησ,σ = Hσσ − µ− ηµη −Q, (38)
with η = ±1 for ↑, ↓ respectively. Here I have basically
replaced the operator Sz introduced in Section III with
the operator i exp(−ipiσz/2) ≡ σz. Then the chemical
potentials µ↑,↓ = µ ± µη, the number densities, and the
particle numbers are determined as follows
nσ(r) =
∑
km
v∗k(r, σ)vk(r, σ)Θ(Ek), σ =↑, ↓, (39)
n(r) = n↑(r) + n↓(r), (40)
N = N↑ +N↓, N↑,↓ =
∫
d3rn↑,↓(r). (41)
Since the chemical potential µη enters in the self-
consistent equations Eq. (37) as µησz the single-particle
angular momentum jˆz still commutes with the quasipar-
ticle Hamiltonian H for an axially symmetric nucleus.
However, a spin polarized odd or odd-odd nucleus strictly
speaking cannot be spherical anymore in the mean field
approximation, as [jˆ2, σz] 6= 0.
The quasiparticle spectrum is not affected qualitatively
by the presence or absence of the spin-orbit interaction,
see Fig. (1). Notice that in these formulas I have dropped
the additional subscript m for the energies and quasipar-
ticle wave functions, as there is no need for singling out
m. Various branches of the quasiparticle spectrum are
shifted upwards and downwards, see Fig. (1), and the
extra quasiparticle state with lowest energy is automati-
cally “flipped,” see Section II.
In the traditional approach used for odd fermion
systems, see Refs. [13, 15, 16] and Section II, where
the quantum numbers for the singled out quasiparticle
state µ, see Eq. (11), are a priori unknown, in order to
determine the ground state one needs to perform many
simulations with various choices of quantum numbers
for quasiparticle state µ. In this latest formulation,
c.f. Eqs. (37), one needs only to specify the degree of
polarization N↑ − N↓ of the system only, 3 similarly to
what has been done in the case of cold atom systems
3 |N+−N−| could be any integer in principle and therefore in this
framework one can generate two or more quasiparticle excited
states as well if needed.
for arbitrary polarizations, and where the agreement of
the density functional approach with ab initio quantum
Monte Carlo calculations of inhomogeneous systems and
also with experiments was excellent [4, 6, 7, 26, 27].
Notice also that the difficulties with the formulation
of the formalism for an fermion system in the case of
higher degeneracies, which were discussed in Ref. [8], do
not emerge emerge. Moreover, N↑ − N↓ can take any
integer value, a situation which might be very useful
when analyzing nuclei, even or odd, in extremely strong
magnetic fields, e.g. in magnetars.
VI. ASPECTS OF NUMERICAL
IMPLEMENTATION
If the axial symmetry is codified explicitly into the
numerical single-particle basis used, then the action
of the operator Sz discussed in Section III is simply
reduced to a multiplication with η = sign(m) = ±1
and levels with positive/negative m quantum num-
bers are characterized by different chemical potentials
µm = µ + ηµη. If instead one uses the operator
i exp(−ipijˆz) then η = i exp(ipim) = ±1 as well, but
the assignment of the quasiparticle states to either
N± groups is different, as discussed in Section III. If
the time-reversed orbitals with +m and −m, which are
typically involved in the formation of Cooper pairs, when
one of them is missing in an odd system this leads to the
polarization of the nucleus, as n+(r, σ, σ′) 6= n−(r, σ, σ′).
Numerical implementation of the operators
S, i exp(−ipijˆx)P, i exp(−ipijˆz)P on a 3D spatial lattice
however can run into numerical inaccuracies, as either
the axial symmetry or the rotations can be implemented
only approximately. In this respect the use of operator
Sz is preferable, as one can use as an alternative method
to determine η the computation of the sign of the
expectation value of Jˆz, thus
η = sign
(
〈vkm|Jˆz|vkm〉
)
. (42)
Therefore this method of introducing the µηSz into the
SLDA equation is equivalent to expressing the quasiparti-
cle eigenvalue as an expectation value of the quasiparticle
Hamiltonian Hkm in the SLDA equations, see Eq. (16),
which leads to mathematically equivalent equations.
In the time-dependent problem there is no need to in-
clude the operators Q and Sz and the simulation will
run as usual, even when symmetries are broken during
evolution.
The presence of an odd fermion on top of an even core
leads to the density polarization of the even fermion core
and also can lead to time-reversal symmetry breaking in
the ground state of such a system. The determination of
the eigenvalues and of the eigenvectors of Eq. (37) when
many/all symmetries are broken and particularly for the
7needs of time-dependent simulations, is an extremely
computationally demanding problem. This problem is
significantly simplified by noticing that the stationary
solution is determined fully by the densities alone, and
the explicit presence of quasiparticle wave functions
is not required. The costly quasiparticle Hamiltonian
diagonalization can then be replaced by a significantly
faster algorithm, either the shifted conjugate orthogonal
conjugate gradient method [28] or the conjugate or-
thogonal conjugate residual method [29]. As during the
iterative process the lowest quasiparticle particle levels
change their positions, sometimes quite dramatically
and their ordering can be significantly modified, a
simulated annealing method in conjunction with the
iterative process can lead to a significant stabilization
of the iterations and the need to specify in advance a
specific quasiparticle state µ is then eschewed. Within a
simulated annealing process the iterative process starts
at a finite temperature, which is lowered according to
a predetermined schedule, and as the iterative process
starts converging, eventually the temperature reaches
the goal T = 0 (T is the temperature). Figuratively, the
black zero energy line in Fig. 1 gets blurred and acquires
a finite width ∼ O(T ). In this manner quasiparticle
states with both positive and negative energies Ek in
a narrow energy band |Ek| ∼ O(T ) contribute to the
densities and the somewhat erratic behavior of low
energy quasiparticle energies during the iterative process
is mitigated. The simulated annealing method has been
applied successfully to cold atom systems [4–12]. The
iterative process can likely be further accelerated also by
using the gradient method advocated by Robledo and
Bertsch [17], which to be used in conjunction with the
methods proposed by Jin et al. [28] and Kashiwaba and
Nakatsukasa [29]. After the iterative process converged
one has to perform only a single diagonalization in order
to determine the quasiparticle wave functions, which are
needed as input for time-dependent simulations [2, 3, 30–
34].
VII. CONCLUSIONS
I discussed here several frameworks suggested in the
literature, as well as a few new ones, designed to treat
odd fermion superfluid systems, their advantages and dis-
advantages, and I introduced a two chemical potential
framework, which appears to me to be superior to the
suggested so far in the literature frameworks. Unlike the
general framework designed by Dobaczewski and Dudek
[13], which requires an a priori knowledge of the quan-
tum numbers characterizing the odd extra fermion, the
two chemical potentials framework introduced here and
outlined in Section V, when properly numerically for-
mulated, see Section VI, eschews the diagonalization of
the quasiparticle Hamiltonian, used in order to arrive at
a self-consistent solution, and also the need to a priori
identify the quantum numbers of the extra fermion, as
the contribution of the lowest energy quasiparticle state
of the odd fermion is automatically selected in this frame-
work, particularly when the simulated annealing method
is also incorporated in the iterative process. The gradi-
ent method advocated by Robledo and Bertsch [17] ap-
parently also does not require the a priori identification
of the quantum numbers of the odd fermion. At this
time it is not clear whether either the simulated anneal-
ing method or the gradient method for generating the
new mean field during the iterative process is superior
computationally, or even if a carefully combination of
the simulated annealing with the gradient method could
prove to be the best choice. Since there exists meth-
ods [28, 29], which eschew the ubiquitous diagonaliza-
tion of the quasiparticle Hamiltonian used routinely in
the literature, in conjunction with simulated annealing
and/or gradient methods, in the mean field calculations
of polarized fermion systems one can achieve a signifi-
cant numerical speed-up. The framework describe here
can be particularly useful to describe nuclei in the pres-
ence of extremely strong magnetic fields, encountered in
magnetars for example.
I have conjectured that by studying the asymmetry of
the fission fragments distributions, emitted along the di-
rection of the angular momentum of the fissioning odd
or odd-odd nucleus one could shed new light on whether
mean field time-odd components play a qualitative new
role in fission. Compound states in fissioning nuclei with
relatively large angular momenta can be populated in
neutron pick-up reactions [23]. Similar, but not identical,
type of correlations have been recently analyzed within
the phenomenological model CGMF [35] based on the
Hauser-Feshbach framework [36] by Lovell et al. [37] in
neutron induced fission of actinides. These authors, while
pointing to quite a number of experimental results, ob-
serve that with the increasing energy of the incident neu-
tron the anisotropy for the reaction U238(n,f) is notice-
ably more pronounced than for the reactions U235(n,f)
and Pu239(n,f). This analysis thus suggests that fission
is favored along the direction of the total angular momen-
tum of the compound nucleus. This type of anisotropy
has been postulated by Bohr [38]. 4 It is not clear yet
however, whether the emission of the heavy fission frag-
ment is favored or hindered over the emission of the light
fission fragment along the direction of the total angular
momentum of the compound nucleus.
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